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Abstract

This vignette is a slightly modified version of Koenker (2008a). It was written in plain
latex not Sweave, but all data and code for the examples described in the text are available
from either the JSS website or from my webpages. Quantile regression for censored survival
(duration) data offers a more flexible alternative to the Cox proportional hazard model for
some applications. We describe three estimation methods for such applications that have
been recently incorporated into the R package quantreg: the Powell (1986) estimator for
fixed censoring, and two methods for random censoring, one introduced by Portnoy (2003),
and the other by Peng and Huang (2008). The Portnoy and Peng-Huang estimators can
be viewed, respectively, as generalizations to regression of the Kaplan-Meier and Nelson-
Aalen estimators of univariate quantiles for censored observations. Some asymptotic and
simulation comparisons are made to highlight advantages and disadvantages of the three
methods.
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1. Introduction

Powell (1984, 1986) initiated an “era of econometric perestroika” for the censored regression
model, liberating it from the oppressive Gaussian specification that had prevailed since its
introduction by Tobin (1958) in the midst of the cold war. Given the linear latent variable
model,

T =a; B+ u

with u; assumed to be iid with distribution function F', Powell noted that if censoring values,
C;, are observed for all i = 1,--- ,n and we observe Y; = max{C};,T;} then the conditional
quantile functions,
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can be consistently estimated, setting p-(u)

~ X
[ = argmingogp pr(Y; — max{C;, 7 b}),
i=1

provided that the design matrix, X = (x;), contains an intercept to absorb the 7 dependent
contribution F' (7). This observation follows immediately from the monotonicity of the
mapping T; — Y;, and the fact that for any monotonically increasing function, h, and scalar
random variable Z, P(Z < z) = P(h(Z) < h(z)). The result generalizes nicely to a variety
of non-iid latent variable settings; in particular to other linear conditional quantile latent
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variable models, permitting linear scale shift and other more general forms of heterogeneity
in the covariate effects. Right censoring, as is more typical of duration modeling applications,
is easily accommodated by replacing max by min above. Often, in econometric applications
the Cj’s take a constant value as in the original tobit model where C; = 0, or in wage
equation top-coding, but this is not essential. What is necessary — and we shall see that this
is not without its unfortunate consequences — is that the C;’s are known for all observations.
Following Powell, we will refer to this situation as fixed censoring.

Random censoring, in contrast, refers to situations in which censoring values, C;, are only
observed for the censored observations. In effect, we observe only the event times, Y; and a
censoring indicator, J;, taking the value one if the observation is uncensored and zero if the
observation is censored. Random censoring has received much less attention in the economet-
ric literature, and it is not difficult to conjecture why. Analysis of randomly censored data
requires that censoring times are independent of event times, or, in regression settings, that
they are independent conditional on covariates. This assumption is frequently implausible in
econometric applications where censoring is due to endogenous influences. In biostatistics,
where random censoring is more often considered, the dominant empirical strategy has been
the Cox proportional hazard model. However, there has also been a recognition that the pro-
portionality assumption underlying the Cox model is sometimes inappropriate, necessitating
stratification of the baseline hazard or some other weakening of the proportional hazards con-
dition. Much more flexible models can be constructed by modeling conditional quantiles of
the event time distribution. For uncensored survival data this approach has been explored by
Koenker and Geling (2001), but censoring poses some new challenges. Fitzenberger and Wilke
(2006) provide a valuable survey of applications of censored quantile regression methods in
econometric duration modeling.

An early alternative approach to Powell, suggested by Lindgren (1997), simply bins the data
in covariate space and computes local Kaplin Meier estimates in each bin. The obvious
difficulty with this approach is that the binning quickly becomes impractical as the number
of covariates grows.

Portnoy (2003) proposed an ingenious method of recursively estimating linear conditional
quantile functions from censored survival data and established consistency and y/n-convergence
of the proposed estimators. Portnoy’s method can be regarded as a generalization to regres-
sion of the Kaplan Meier estimator. Recently, Peng and Huang (2008) have proposed a closely
related method. Rather than building on the linkage to Kaplan-Meier, they instead develop
an approach linked to the Nelson-Aalen estimator of the cumulative hazard function. The
main advantage of the latter approach is that it enables them to employ counting process
methods to establish a martingale property for their estimating equation from which a more
complete asymptotic theory for the estimator flows.

The main objective of this paper is to describe an implementation of all the foregoing methods
appearing in recent versions of my quantreg package for R. This package seeks to provide a
comprehensive implementation of quantile regression methods for the R (R Development Core
Team 2008) language. The package is available from the Comprehensive R Archive Network at
http://CRAN.R-project.org/package=quantreg. It incorporates both linear and nonlinear
in parameters methods as well as non-parametric additive model fitting techniques. The
new censored quantile regression methods are accessible through the new fitting function
crq, which extends the functionality of the existing functions rq, nlrqg and rgss that are
used/rearrage/ for fitting linear, nonlinear, and nonparametric models respectively. After a
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brief overview of the implementation, we will consider the three new methods in turn and
provide some comparisons and offer some advice on their strengths and weaknesses.

2. Overview

Model fitting in R typically proceeds by specifying a formula describing the model, a data
frame containing the data, and possibly some some further fitting options. For censored
quantile regression these arguments are passed to the function crg. Formulae are specified
for the two random censoring methods using the function Surv from the package survival, see
Therneau and Lumley (2008)

The accelerated failure time model,
log(Y;) = x; 8 + uy,

with w; iid with distribution function F' is a common model for survival data. When the data
are uncensored the model can be simply estimated by least squares, or using quantile regres-
sion as in Koenker and Geling (2001). The latter approach offers some distinct advantages
since it permits the researcher to focus attention on narrow slices of the conditional survival
distribution. In Koenker and Geling (2001) where the interest is in mortality of medflies
it was particularly valuable to focus attention on the upper tail of the lifetime distribution
where it was found that there was a crossover in gender survival prospects at advanced ages.
It is difficult, even impossible, to see such effects in some classical survival models where
attention typically focuses on covariate effects on mean survival prospects. For further details
on quantile regression methods and their implementation in R, see Koenker (2005) and the
vignette available with the package quantreg, Koenker (2008b). For censored data, and para-
metric choice of F', the model can be easily estimated by maximum likelihood. Relaxing the
parametric restriction and the iid error assumption leads naturally to the censored quantile
regression model,

Quog(vi)j, (T|2i) = 27 B(T).
The choice of the log transformation, although traditional, is entirely arbitrary and may

be replaced by any monotone transformation. In applications with random censoring such
models can be estimated in R using crq using the formula,

Surv(log(y), delta) ~ x

where delta denotes the vector of censoring indicators. For fixed censoring of the type
considered by Powell, formulae take the form,

Curv(log(y), c, type= "left'") ~ x

Here, Curv is a slightly modified version of Surv designed to accommodate the provision
of the censoring times instead of the censoring indicators to the fitting routine. The type
argument indicates whether the censoring is from the left, as in the classical Tobit model,
or from the right as in the case of top coding. Other arguments can be supplied to fitting
function including: taus a list of quantiles to be estimated, data a data frame where the
formula variables reside, etc. The argument method is used to specify one of three currently
available methods: "Powell" for the Powell estimator, "Portnoy" for Portnoy’ censored
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