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Abstract

Hun t [1996] has implemen ted the �nite mixture mo del approac h to

clustering in a program called Multimix . The program is designed to

cluster m ultiv ariate data with categorical and con tin uous v ariables and

p ossibly con taining missing v alues. In this pap er w e describ e the ap-

proac h tak en to the design of Multimix and ho w some of the statistical

problems w ere dealt with. As an example of the use of the program w e

cluster a large medical dataset.

Key Wor ds: Cluster analysis, EM algorithm, Laten t class analysis, Lo cal inde-

p endence, Multiv ariate Normal distribution, Lo cation mo del, Prostate cancer

data.

1 In tro duction

This pap er is concerned with the statistical analysis of m ultiv ariate data from

a mixture of �nitely man y p opulations when there is no information ab out

mem b ership in an y comp onen t p opulation. This is kno wn as cluster analysis

or unsup ervise d le arning . The goal is to partition the sample in to groups so

that mem b ers of a group are as similar as p ossible. This is usually done b y

an y one of a n um b er of deterministic algorithms the most common of whic h

w e discuss b elo w.

Cluster analysis is di�eren t from Discriminant A nalysis where it is p ossible to

classify mem b ers of a random sample from a mixture of p opulations according

to whic h p opulation they come from. See Mardia et al. [1979, Chapter 11] and

McLac hlan [1992] .

There are man y di�eren t metho ds for cluster analysis. These metho ds can

b e broadly categorised as hierarc hical or non-hierarc hical. Clustering using

hierarc hical metho ds, is generally obtained through either agglomerativ e al-

gorithms, whic h b egin with a cluster for ev ery observ ation and successiv ely

merge clusters, or divisiv e algorithms whic h b egin with a single cluster and

whic h con tin ually split clusters.
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It is p ossible to visualise t w o extremes, one in whic h eac h ob ject is considered

to b e a single mem b er cluster, and one in whic h all n ob jects are con tained

in a single cluster. Eac h cluster obtained at an y stage in the pro cedure is a

com bination or division of clusters at other stages. A hierarc hical strategy

�nds an e�cien t path b et w een these t w o extremes.

Once an ob ject is assigned to a cluster under a hierarc hical strategy , there is

no pro vision for reallo cation of the ob jects that ha v e b een p o orly allo cated

at an earlier stage in the pro cess. Eac h stage of the analysis in v olv es the

computation of the cluster similarit y (or distance) matrix. Since the clusters

at an y stage are obtained b y the fusion (agglomerativ e metho ds), or division

(divisiv e metho ds) of clusters from the previous stage, these metho ds lead to

a hierarc hical structure of the ob jects. This is represen ted b y a dendogram,

also kno wn as a tree diagram.

1.1 Similarit y matrix clustering tec hniques

Hierarc hical clustering tec hniques are usually implemen ted with the data rep-

resen ted b y a matrix of pro ximities ( d

ij

), where d

ij

is the pro ximit y of obser-

v ations i and j . The pro ximit y d

ij

, can either b e a similarit y or a dissimilarit y

measure. T o con v ert a dissimilarit y in to a similarit y index w e ma y , for exam-

ple, divide it b y the greatest dissimilarit y observ ed in the data and subtract

this from 1.

Pro ximities ma y b e obtained in v arious w a ys, one metho d b eing to ask a

n um b er of p eople to sub jectiv ely assess all pairs of observ ation in a small

set for degree of similarit y , recording the answ er as a n um b er b et w een 0 (least

similar) and 1 (most similar). The similarities for analysis can then b e obtained

b y a v eraging the sub jectiv e similarities o v er the panel of judges.

More often eac h observ ation has a n um b er of measured attributes or v ariables,

often at di�ering lev els of measuremen t (binary , nominal, ordinal, in terv al or

ratio), and w e require some means of calculating pro ximities from the data.

Anderb erg [1973, Chapters 4 & 5] and Gordon [1981, Chapter 2] giv e surv eys

of man y metho ds of calculating pro ximities for the case of a single v ariable.

T ypical examples are the euclidean distance for in terv al v ariables and the

Jacard co e�cien t n

11

= ( n

11

+ n

10

+ n

01

) for binary (0,1) data. Another binary

co e�cien t is the simple matc hing co e�cien t ( n

11

+ n

00

) = ( n

11

+ n

10

+ n

01

+

n

00

); indeed Anderb erg lists 14 p ossibilities, though deprecating 5 of these.

Whic h notion of pro ximit y mak es the most sense dep ends on sub ject area

considerations.

Once a similarit y measure s

ij k

comparing observ ation i with observ ation j

has b een selected for eac h attribute k they ma y b e com bined, essen tially b y

a v eraging o v er the attributes. In the case of a rare binary attribute k w e ma y

wish to exclude s

ij k

from the a v erage as uninformativ e ab out the similarit y of

i and j . Details ab out com bining similarit y measures in this w a y are giv en b y
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Go w er [1971].

Agglomerativ e hierarc hical tec hniques di�er primarily in ho w they measure

the distance or similarit y of t w o clusters, where a cluster ma y at times, consist

of a single observ ation only . F or example, the Euclidean distance d

ij

b et w een

t w o observ ations x

i

and x

j

is de�ned as d

ij

= [( x

i

� x

j

)

0

( x

i

� x

j

)]

1 = 2

, while

the Mahalanobis distance is de�ned as d

ij

= [( x

i

� x

j

)

0

^

�

� 1

( x

i

� x

j

)]

1 = 2

, where

^

� is the within cluster co v ariance matrix. F urther details on the prop erties of

these distances and other distance measures are giv en b y Mardia et al. [1979]

and Gordon [1981].

In single link age (nearest neigh b our) clustering, the distance b et w een t w o clus-

ters is de�ned as the distance b et w een their t w o nearest neigh b ours:

d

AB

= min

i 2 A

j 2 B

( d

ij

)

where d

AB

is the dissimilarit y b et w een t w o clusters A and B and d

ij

is the

dissimilarit y b et w een t w o observ ations i and j . This tec hnique can lead to

`ro d' t yp e elongated clusters.

With complete link age (farthest neigh b our) clustering, the distance b et w een

t w o clusters is de�ned as the distance b et w een their t w o furthest neigh b ours:

d

AB

= max

i 2 A

j 2 B

( d

ij

) :

This metho d tends to pro duce compact clusters.

Other standard link age metho ds replace the \min" and the \max" of the

previous metho ds b y measures of cen tral tendency .

Lance and Williams [1967] giv e a general agglomerativ e algorithm with whic h

man y of the common hierarc hical link age metho ds can b e describ ed. If t w o

groups r and s amalgamate to form a new group t , the dissimilarit y b et w een

this group and an y other group can b e expressed in an equation form. Gordon

[1981] includes their table of the algorithm parameters for di�eren t tec hniques.

With hierarc hical clustering, the n um b er of clusters is obtained b y selecting

one of the clusterings in the nested sequence of groupings displa y ed in the

dendogram. The most common metho d used is to examine the dendogram for

large c hanges in the distance or dissimilarit y b et w een adjacen t fusion lev els. A

\large" c hange when going from K to K � 1 groups migh t b e indicativ e of K

groups. This criterion is somewhat sub jectiv e. Other sources of sub jectivit y

lie in the c hoice of similarit y metric for eac h attribute and the c hoice of link age

metho d.

These metho ds are widely implemen ted in statistical pac k ages and can b e

useful for preliminary exploration of small m ultiv ariate datasets, esp ecially in

com bination with visualization tec hniques suc h as a plot of the �rst t w o prin-

cipal comp onen t scores and a Minimal Spanning T ree [Go w er and Ross, 1969].

3



They are less satisfactory with large data sets (h undreds rather than tens) b e-

cause of the large n um b er of pairwise similarities whic h m ust b e pro cessed, and

b ecause of the enhanced p ossibilities for unfortunate and irrev ersible amalga-

mations of clusters at an early stage.

An imp ortan t problem with the use of these forms of cluster analysis lies in

the man y w a ys in whic h the sub jectiv e decisions made b y the analyst ma y

in
uence the outcome. The analyst m ust c ho ose

1. the form of the pro ximit y index

2. the link age metho d, and

3. the similarit y lev el at whic h to `cut' the dendrogram, or equiv alen tly , the

n um b er of groups.

1.2 Optimisation based tec hniques

Nonhierarc hical tec hniques of cluster analysis ha v e the same extremes as hi-

erarc hical tec hniques, that is, n clusters consisting of one observ ation and one

cluster with all n observ ations in it. Ho w ev er nonhierarc hical tec hniques allo w

p oin ts to b e reallo cated to other clusters during the clustering pro cess. These

tec hniques of cluster analysis often use optimisation pro cedures in whic h ob-

serv ations are transferred b et w een clusters with the aim of optimising some

clustering criterion that rew ards b oth within-cluster similarit y and b et w een-

cluster di�erences. Once again, there are man y di�eren t metho ds a v ailable

b ecause of di�eren t optimising criteria and di�eren t optimising algorithms.

F or further discussions on these pro cedures see for Ev eritt [1980] and Hand

[1981].

The k -means algorithm of Hartigan [1975] is a commonly used optimisation

tec hnique. The means of eac h of the k initial clusters are found, and then eac h

data p oin t is examined to see if it is closer to the mean of another cluster than

to the mean of its curren t cluster. If this o ccurs, that p oin t is transferred and

the cluster means are recalculated. The means can b e recalculated after eac h

data p oin t has b een reallo cated, or after all the data p oin ts ha v e b een examined

and those that needed reallo cating ha v e b een transferred. The means of the

k clusters are calculated and the pro cess is rep eated. In this pro cedure, the

cluster mean is the p oin t that minimises the sum of squares of the distances

(to that p oin t) of the observ ations in that cluster.

The \classi�cation lik eliho o d" approac h is a nonhierarc hical tec hnique that

uses a form of lik eliho o d function as a clustering criterion. Under this ap-

proac h, a probabilistic form ulation is tak en in whic h it is assumed that the

observ ations x

1

; : : : ; x

n

eac h arise from an y one of K p ossible sub-p opulations

with a probabilit y densit y function of f ( x ; �

k

) for k = 1 ; : : : ; K . This approac h

di�ers from the discriminan t analysis problem in that it is not kno wn whic h
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sub-p opulation the observ ation comes from. Let

z

ik

=

�

1 if observ ation i 2 group k ;

0 if observ ation i =2 group k ,

and de�ne the v ector of indicator v ariables as z

i

= ( z

i 1

; : : : ; z

iK

)

0

: The lik eli-

ho o d function is giv en b y

L

C l ass

( z

1

; : : : ; z

n

; �

1

; : : : ; �

K

) =

n

Y

i =1

K

Y

k =1

f f ( x

i

; �

k

) g

z

ik

Let z = ( z

1

; : : : ; z

n

) and � = ( �

1

; : : : ; �

K

) : Maximisation of L

C l ass

( z ; � ), the

log-lik eliho o d for the complete data is with resp ect to � and z . That is, the

unobserv able indicator v ariables z

1

; : : : ; z

n

are treated as unkno wn parameters

to b e estimated along with � . The maximisation pro cess can b e carried out b y

computing the maxim um v alue of the lik eliho o d o v er all p ossible partitions of

the n observ ations to the K groups. This approac h w as considered b y sev eral

authors including Scott and Symons [1971], Sclo v e [1977] and Symons [1981].

More recen tly Ban�eld and Raftery [1993] ha v e extended the metho ds of Scott

and Symons [1971] and their approac h is discussed b elo w. Unfortunately with

this pro cedure, the z

ij

increase in n um b er with the n um b er of observ ations,

and the maxim um lik eliho o d estimates are not consisten t [McLac hlan and

Basford, 1988].

Using the classi�cation lik eliho o d approac h, Scott and Symons [1971] sho w ed

that the assumption that x

i

� N ( �

k

; �) for k = 1 ; : : : ; K , led to the cluster

analysis pro cedure based on minimising j W j , the determinan t of the p o oled

within group disp ersion matrix. This metho d of cluster analysis w as discussed

b y F riedman and Rubin [1967]. Scott and Symons [1971] found that this ap-

proac h has the tendency to divide the data in to clusters of equal size if the

separation b et w een the sub p opulations is not large. Marriot [1975] p oin ted

out that the maxim um (classi�cation) lik eliho o d estimates are not consisten t

under the assumption of underlying normal distributions with a common co-

v ariance structure. Bry an t and Williamson [1978] sho w ed that the approac h

can also b e exp ected to giv e biased results. Symons [1981] and Binder [1978]

giv e Ba y esian v ersions of this metho d.

Although usually considered as nonhierarc hical clustering tec hniques, criterion

optimization metho ds ma y b e used in a hierarc hical fashion b y applying the

algorithm rep eatedly to sub divide clusters found earlier. Suc h an approac h

usually leads to clusters that are not themselv es optimal on the criterion.

1.3 Clustering metho ds based on �nite mixture mo dels

There is a v ast quan tit y of literature a v ailable on algorithmic cluster analy-

sis. F or comprehensiv e reviews of clustering tec hniques see Cormac k [1971],
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Ev eritt [1980], Jardine and Sibson [1971], and Gordon [1981]. F or clustering

algorithms see Hartigan [1975] and James [1985].

There are some inescapable dra wbac ks shared b y all these traditional ap-

proac hes to clustering: an y randomness in the sample is not re
ected and

small p erturbations in the sample ma y lead to quite di�eren t groups b eing

formed. F urther, exp erience with real mixed p opulations sho ws that they are

quite often substan tially o v erlapping, whereas b y design most traditional clus-

tering algorithms will tend to come up with compact nono v erlapping clusters.

An alternativ e to algorithmic cluster analysis, is to adopt a statistical form ula-

tion similar to that of discriminan t analysis, and regard the observ ations to b e

clustered as a random sample from a �nite mixture of distributions. Ho w ev er,

unlik e discriminan t analysis, the observ ations are not iden ti�ed as b elonging

to a particular group, and there is often v ery little information ab out the form

of the p opulation distributions for eac h group. By making generic distribu-

tional assumptions w e obtain a w ell sp eci�ed mo del, whose parameters can b e

estimated b y the metho d of maxim um lik eliho o d. The estimated conditional

probabilities of group mem b ership can b e estimated b y Ba y es rule using the

parameter estimates. These probabilities can b e used when the algorithm has

con v erged to obtain a probabilistic assignmen t of observ ations to clusters.

F urthermore, the estimated comp onen t distributions together with the esti-

mated prop ortions for eac h comp onen t pro vide a concise description of what

ma y b e a v ery complicated set of data.

As with an y clustering metho d, clustering b y �nite mixture mo dels also im-

p oses a structure on the data. It is p ossible to c hec k the o v erall �t of the

mixture mo del to the data, although the individual comp onen ts cannot b e

c hec k ed unless the groups turn out to b e w ell separated. The mixture lik e-

liho o d approac h can b e seen as an example of a nonhierarc hical clustering

tec hnique. But a uni�cation with the mainstream of statistical mo delling is

ac hiev ed b ecause clustering metho ds based on mixture mo dels allo w estima-

tion and h yp othesis testing within the framew ork of standard statistical theory

[Aitkin et al., 1981].

2 Earlier w ork in mixture mo del clustering

The Multimix program to b e describ ed later in this pap er builds on earlier ap-

proac hes and is most easily understo o d as an extension and uni�cation of some

of these. The estimation problem for �nite mixtures of normal distributions

has quite a length y history . W e will describ e some of this w ork no w.

2.1 Mixtures of normal distributions

Karl P earson put forw ard a solution in the case of a mixture of t w o univ ariate

distributions with unequal v ariances using the metho d of momen ts [P earson,
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1894]. This w as a di�cult problem and in v olv ed the solution of a nin th degree

p olynomial equation. Later in v estigation sho w ed that lik eliho o d estimation

w as more e�cien t than the metho d of momen ts for this problem [T an and

Chan, 1972].

Maxim um of lik eliho o d estimation for the parameters in mixture distributions

w as suggested b y Rao [1948] , who used Fisher's metho d of scoring for the

estimation of parameters in a mixture of t w o univ ariate normal distributions

with equal v ariances. This app eared to b e the �rst use of lik eliho o d estimation

for mixtures [Ev eritt and Hand, 1981]. Ho w ev er, Butler [1986] notes that there

w as an in v estigation b y New com b [1886] of the maxim um lik eliho o d estimation

of the parameters of a mixture of k univ ariate normal p opulations with kno wn

v ariances. His in v estigation could b e in terpreted as an application of the EM

algorithm [Dempster, Laird, and Rubin, 1977]. Butler also found that Je�reys

[1932] had essen tially used the EM algorithm to compute the estimates of the

means in t w o univ ariate normal p opulations, whic h had kno wn v ariances and

whic h w ere mixed in unkno wn prop ortions.

With the adv en t of high sp eed computers, in terest increased in the lik eli-

ho o d estimation of the parameters of mixture distributions. Hasselblad [1966,

1969] applied maxim um lik eliho o d estimation for the parameters of a mixture

of k univ ariate normal distributions with equal v ariances, and then for mix-

tures of distributions from the exp onen tial family . Da y [1969] estimated the

comp onen ts of a mixture of t w o m ultiv ariate normal distributions with equal

co v ariances. W olfe [1967, 1970] used maxim um lik eliho o d estimation for the

parameters of a mixture of K m ultiv ariate normal distributions with unequal

co v ariances, and also a mixture of Bernoulli distributions. These three re-

searc hers all presen ted their solutions in iterativ e forms that could b e view ed

as applications of the EM algorithm.

F or additional references on �nite mixtures, see the monographs on �nite

mixture distributions b y Ev eritt and Hand [1981], Titterington et al. [1985],

McLac hlan and Basford [1988] , the reviews b y and the encyclop edia en try b y

Ev eritt [1985]

2.2 Basford's mixture-�tting programs

In their monograph on mixture mo dels and their application to clustering

McLac hlan and Basford [1988] fo cus on the use of p -v ariate normal distri-

butions for the comp onen t mo dels and consider mainly con tin uous v ariables.

Included with this b o ok are listings of the F ortran 66 source co de for four

programs whic h estimate the parameters of normal mixture mo dels in v ari-

ous situations. The program of most relev ance for cluster analysis is KMM ,

whic h �ts a mixture of m ultiv ariate normal distributions, with either arbitrary

or common co v ariance matrices, b y maxim um lik eliho o d using the EM algo-

rithm. In designing the Multimix program, w e sough t to extend and mo dify
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KMM to enhance its suitabilit y as a general-purp ose nonhierarc hical clus-

tering program. In fact Multimix w as written from scratc h, but its output

w as tested against that from KMM where p ossible. W e are grateful to Ka y e

Basford for making her programs a v ailable to us in electronic form.

Some dev elopmen t b ey ond KMM w as necessary b ecause of three ma jor di�-

culties whic h frustrate the application of m ultiv ariate normal mixture mo dels

to clustering. Firstly , they are not easily adapted to cop e with discrete data.

This is unfortunate b ecause man y real clustering problems in v olv e b oth con tin-

uous and discrete v ariables. Secondly , they lead to mo dels with large n um b ers

of parameters: for example if p = 8 w e will need to estimate 36 parameters

for ev en a common co v ariance matrix, man y more if they m ust b e estimated

separately for eac h group. A third consideration is the common o ccurrence of

missing v alues in m ultiv ariate data, particularly when the observ ations are on

h umans. A v arian t of Multimix accommo dates observ ations that are missing

at random using the metho dology of Little and Rubin [1987], but this is not

describ ed here.

Highly parameterized mo dels can lead to di�culties in sev eral w a ys. As dis-

cussed b y McLac hlan and Basford [1988, p. 11] the lik eliho o d function of a

mixture mo del can ha v e singularities in a neigh b ourho o d of whic h it is un-

b ounded. Iterativ e metho ds for computing maxim um lik eliho o d estimates are

dra wn to w ards these singularities from man y starting v alues if the mo del is

highly parameterized. It is also common to �nd man y lo cal maxima in suc h

mo dels. Ev en if w e �nd the largest of the lo cal maxima w e will often �nd

the lik eliho o d nearly constan t in a lo w-dimensional set in whic h some of the

parameters are functions of the others.

2.3 Mixtures of discrete distributions

Laten t Class analysis w as dev elop ed b y the mathematical so ciologist P aul

Lazarsfeld who w as in terested in making more precise the relationship b et w een

underlying or laten t states that are not observ able, and directly observ able

categorical v ariables indicating these states.

Laten t class mo dels can b e describ ed as follo ws: assume the p opulation to b e

made up of K groups or sub-p opulations G

1

; : : : ; G

K

in prop ortions �

1

; : : : ; �

K

.

Let x b e the v ector of resp onses on the p v ariables that w e observ e on eac h

observ ation, where the j th v ariable can tak e on lev els n um b ered from 1 to

M

j

. If the i th observ ation x

i

happ ens to come from G

k

then its probabilit y

function is giv en b y

f

k

( x

i

; �

k

) =

p

Y

j =1

Y

m

f �

k j m

: 1 � m � M

j

and m = x

i

g

where �

k

are the parameters of the distribution of the resp onses in the k th

subp opulation, in this case b eing the probabilities f �

k j m

g that v ariable j tak es

8



lev el m , conditional on the observ ation b elonging to group k . The o v erall

probabilit y function is a mixture of these conditional probabilit y functions:

f ( x

i

; � ) =

K

X

k =1

�

k

f

k

( x

i

; �

k

)

so that the laten t class mo del is a �nite mixture mo del. The parameter v ector

� is made up of the �

k

and the �

k j m

as k , j , and m tak e on all allo w able

v alues. Note that the �

k

sum to one o v er k and the �

k j m

sum to one o v er m

for an y �xed j , k .

The original metho d of �tting these mo dels, discussed at some length in

Lazarsfeld and Henry [1968] for the case of binary v ariables, w as to attempt to

solv e the system of equations giv en b y equating the �tted cell probabilities to

the observ ed cell prop ortions. The solution of these equations can b e di�cult

and Laten t Class analysis b ecame m uc h easier to use when Go o dman [1974]

in tro duced a new iterativ e algorithm for the maxim um lik eliho o d �tting of

laten t class mo dels. It so on b ecame clear that this algorithm w as a sp ecial

case of the v ery general EM algorithm.

T o use laten t class analysis as a clustering metho d the probabilit y �

ik

that

the i th observ ation comes from the k th group is �rst estimated b y Ba y es Rule

from the estimated comp onen t distributions and the estimated prop ortions in

eac h comp onen t. In fact these probabilities are also required in the course of

the algorithm, although it is not un til the algorithm has con v erged that w e

can use them for clustering. The v ersatilit y of laten t class analysis as a clus-

tering metho d w as sho wn b y Aitkin et al. [1981] who �tted 2-class and 3-class

mo dels to 38 binary v ariables describing ho w eac h of 468 teac hers organised

their classes, in terpreting the classes as lev els of a `teac hing st yle' factor in

subsequen t analyses. An ev en larger data set w as studied b y Pic k ering and

F orb es [1984] using this metho d. It consisted of clinical and diagnostic infor-

mation ab out appro ximately 50,000 infan t births. Elev en categorical v ariables

eac h ha ving from 2 to 4 lev els w ere used to �t mo dels ha ving b et w een 1 and

6 laten t classes. The analysis w as feasible b ecause only ab out 600 distinct

resp onse pro�les actually o ccurred in the data. Pic k ering and F orb es giv e

references to other studies using laten t class metho ds.

Most applications of laten t class analysis remain within the so cial sciences

where the metho d w as dev elop ed. The abilit y to �t laten t class mo dels is

one of the capabilities of ` EM , a v ery general program for �tting mo dels to

categorical data written b y V erm un t [1997].

2.4 Ev eritt's mo del for ordinal v ariables

Ev eritt [1988] prop osed incorp orating binary and ordinal v ariables in to mix-

ture mo dels b y means of `threshold' parameters whic h divide the real line in to

9



regions corresp onding to outcomes of the ordinal v ariable. Suc h threshold

mo dels ha v e b een widely used for ordinal data and a brief surv ey is giv en

b y Zhaorong et al. [1992] where they are used in a con tin uous laten t v ari-

able mo del for the comparison of 20 ternary v ariables represen ting v arian ts

of microbiological test metho ds. This data could also ha v e b een analyzed b y

laten t class analysis whic h in v olv es a discrete laten t v ariable. Ev eritt and

M � erette [1990] compare the clustering p erformance of Ev eritt's �nite mixture

metho d on four sim ulated data sets eac h ha ving 3 con tin uous and 2 categor-

ical v ariables, and on Fisher's iris data [Andrews and Herzb erg, 1985, pp.

5-8] after t w o of the four v ariables had b een categorised. They rep ort go o d

p erformance of the mixture metho d compared with con v en tional hierarc hical

metho ds. There are some sev ere practical limitations to the use of this metho d

at presen t. Ev eritt prop oses the use of standard optimization algorithms ap-

plied to the log-lik eliho o d function. The computation of the log-lik eliho o d

function requires the n umerical ev aluation of a q -dimensional in tegral, where

q is the n um b er of categorical v ariables, and Ev eritt and M � erette consider no

examples where q > 2. Their metho ds w ould b e di�cult to apply to the highly

m ultiv ariate data sets to whic h cluster analysis has traditionally b een applied.

F or these reasons Multimix mak es no sp ecial pro vision for ordinal v ariables.

Dep ending on the circumstances it will usually b e acceptable to treat them

either as categorical or con tin uous.

3 The Multimix mo del family

W e will no w describ e our approac h to mixture mo del clustering in detail.

W e exp ect the data to b e in the form of an n � p matrix of observ ations b y

v ariables whic h w e regard as a random sample from the distribution f ( x ) =

P

�

k

f

k

( x ) , itself a �nite mixture of K comp onen t distributions f

k

in prop or-

tions �

k

� 0 satisfying

P

�

k

= 1. W e supp ose that the v ector of v ariables x =

( x

1

; : : : ; x

j

; : : : ; x

p

)

0

has b een partitioned in to (

^

x

0

1

j : : : j

^

x

0

l

j : : : j

^

x

0

L

)

0

.

W e consider comp onen t distributions that factorize f

k

( x ) =

Q

l

f

k l

(

^

x

l

), con-

formably with this partition. This is a w eak form of `lo c al indep endenc e' :

within eac h of the K subp opulations the v ariables in the sub v ector

^

x

l

are in-

dep enden t of the v ariables in

^

x

l

0

for 1 � l < l

0

� L . T rue `lo cal indep endence'

is the indep endence of eac h x

j

within subp opulations. W e can write the mo del

for the i th observ ation as

f ( x

i

; � ) =

K

X

k =1

�

k

L

Y

l =1

f

k l

(

^

x

il

; �

k l

) (2 : 1)

where �

k l

consists of the parameters of the distribution f

k l

and the �

k

are

the mixing prop ortions. This form ulation includes the motiv ating examples of

Laten t Class analysis [Aitkin et al., 1981] and mixtures of m ultiv ariate normals
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[McLac hlan and Basford, 1988]. With one exception to b e describ ed later

sub v ectors will usually b e formed with v ectors of the same t yp e, categorical

or con tin uous. When a sub v ector con tains only a single v ariable, that v ariable

is indep enden t of all other v ariables within eac h subp opulation.

It is con v enien t to assume forms for the f

k l

, and hence for the f

k

, that b elong

to the exp onen tial family . The mo del is then w ell suited for maxim um lik e-

liho o d estimation of its parameters b y the EM algorithm of Dempster et al.

[1977]. This approac h is follo w ed in Multimix with the follo wing distributions

for the

^

x

k l

:

(a) Discr ete Distribution. Here

^

x

l

= f x

j

g is a 1-dimensional discrete random

v ariable taking v alues 1 ; : : : ; M

j

with probabilities �

k l 1

; : : : ; �

k l M

j

.

(b) Multivariate Normal. Here

^

x

l

is a p

l

-dimensional v ector of con tin uous

random v ariables with the N

p

l

( �

k l

; �

k l

) distribution.

(c) L o c ation Mo del. Here

^

x

l

is a 1 + p

l

dimensional v ector of random v ariables

with one discrete v ariable, x

j

, and p

l

con tin uous v ariables as elemen ts. The dis-

crete random v ariable tak es v alues 1 ; : : : ; M

j

with probabilities �

k l 1

; : : : ; �

k l M

j

.

Conditional on the discrete v ariable taking v alue m the p

l

con tin uous ran-

dom v ariables ha v e the m ultiv ariate normal distribution N

p

l

( �

mk l

; �

k l

). See

Krzano wski [1983] for details.

If all v ariables are of con tin uous t yp e, then the f ( x ) =

P

�

k

f

k

( x ) will b e

a mixture of m ultiv ariate normal distributions. The w a y in whic h the set

of v ariables is partitioned in to sub v ectors determines the form of the ma-

trix of co v ariance parameters in eac h f

k

. The form is blo c k-diagonal with a

square blo c k corresp onding to eac h sub v ector. Extreme cases are the fully

unstructured co v ariance matrix case and the diagonal co v ariance matrix case.

Unstructured co v ariance matrices in tro duce man y parameters in to the mo del

and hence should b e a v oided as far as p ossible. A reasonable strategy for

�tting a mixture of m ultiv ariate normals for clustering purp oses w ould b e to

b egin with the lo cal indep endence case (diagonal co v ariance matrices) and

then to estimate the mo del parameters, assign observ ations to clusters and

then study the within-cluster correlation matrices. V ariables that are highly

correlated in some of the clusters could b e group ed in to a sub v ector and the

whole pro cess rep eated with the mo del so mo di�ed.

If all the v ariables are of discrete t yp e the mo del is the usual Laten t Class

Mo del. In principal lo cal indep endence could fail in this situation as w ell,

although this is not often c hec k ed for. If strong within-cluster asso ciations

b et w een t w o discrete v ariables are detected after a preliminary clustering then

the t w o v ariables ma y b e com bined in to a single discrete v ariable with a lev el

for eac h cell of the t w o-w a y table (or few er, if some cells are p o oled).

The lo cation mo del for a sub v ector in the partition is in tro duced in the general

Multimix mo del to cop e with the p ossibilit y of within-cluster asso ciations b e-

t w een a discrete v ariable and sev eral con tin uous v ariables. W e do not exp ect

11



this facilit y to b e needed v ery often in practice.

Other t yp es of v ariable mo dels are a v ailable in other mixture mo delling pro-

grams to b e discussed b elo w. It is no problem in principal to add new t yp es

of attribute mo del from within the exp onen tial family to extend the Multimix

mo del.

As the mo del has b een describ ed, it is a mixture of K distributions, eac h of

whic h can b e seen to b elong to the exp onen tial family . It is therefore w ell suited

for maxim um lik eliho o d estimation of its parameters b y the EM algorithm of

Dempster et al. [1977] , and the F ortran 77 program Multimix w as written

b y Lynette Hun t to do this.

The `complete data', in EM terminology , consists of the n � p arra y of observ ed

data f x

ij

g and the conceptual n � K arra y f z

ik

g of class mem b ership indica-

tors. The indicator v ectors z

1

; : : : ; z

i

; : : : ; z

n

are indep enden tly and iden tically

distributed according to a m ultinomial distribution generated b y one dra w on

a p opulation made up of K categories in prop ortions �

1

; : : : ; �

K

.

The complete-data sp eci�cation treats the z

i

as kno wn leading to the log-

lik eliho o d

L

C

( � ) = log

0

@

n

Y

i =1

K

Y

k =1

2

4

�

z

ik

k

(

L

Y

l =1

f

k l

( x

i

; �

k l

)

)

z

ik

3

5

1

A

=

n

X

i =1

K

X

k =1

(

z

ik

log �

k

+ z

ik

L

X

l =1

log f

k l

( x

i

; �

k l

)

)

=

n

X

i =1

K

X

k =1

z

ik

log �

k

+

K

X

k =1

l

k

( �

k

)

where

l

k

( �

k

) =

n

X

i =1

(

z

ik

L

X

l =1

log f

k l

( x

i

; �

k l

)

)

=

L

X

l =1

n

X

i =1

z

ik

log f

k l

( x

i

; �

k l

) :

Maximising the complete data log-lik eliho o d L

C

( � ) is equiv alen t to maximis-

ing l

k

( �

k

) separately for eac h sub v ector in the partition. By substituting the

appropriate densit y for the f

k l

Hun t [1996] deduces that the complete data

su�cien t statistics for the mo del are

1. F or eac h class G

k

the sum

X

i

z

ik

;

2. F or eac h class G

k

, eac h categorical v ariable x

j

, and eac h v alue m of x

j

,

the sum

X

i

z

ik

�

ij m

;
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where �

ij m

=

�

1 if x

ij

= m

0 otherwise

;

3. (a) F or eac h class G

k

and eac h con tin uous v ariable x

j

b elonging to a

m ultiv ariate normal sub v ector, the sums

X

i

z

ik

x

ij

and

X

i

z

ik

x

2

ij

;

(b) F or eac h class G

k

and eac h pair of con tin uous v ariables x

j

and x

j

0

,

j < j

0

, b elonging to the same m ultiv ariate normal sub v ector, the

sum

X

i

z

ik

x

ij

x

ij

0

;

4. (a) F or eac h class G

k

, eac h con tin uous v ariable x

j

b elonging to a lo ca-

tion mo del sub v ector indexed b y l and eac h v alue m of the categor-

ical v ariable u

l

, the sums

X

i

z

ik

w

il m

x

ij

and

X

i

z

ik

w

il m

x

2

ij

;

(b) F or eac h class G

k

, eac h pair of con tin uous v ariables x

j

and x

j

0

,

j < j

0

, b elonging to the lo cation mo del sub v ector indexed b y l and

eac h v alue m of the categorical v ariable u

l

, the sum

X

i

z

ik

w

il m

x

ij

x

ij

0

;

where w

il m

=

�

1 if u

l

= m

0 otherwise

.

The EM iteration alternates b et w een t w o calculations, the E-step and the M-

step. Beginning at a curren t v alue for � , sa y �

( p )

,the v ector of all unkno wn

parameters, the E-step requires the calculation of Q ( � ; �

( p )

) = E f L

C

( � ) j

X ; �

( p )

g , the exp ectation of the complete data log-lik eliho o d, conditional on

the observ ed data and the curren t v alue of the parameters. Because the

complete-data su�cien t statistics are linear in the unobserv ed z

ik

w e can cal-

culate Q ( � ; �

( p )

) from L

C

( � ) b y replacing z

ik

with

^�

ik

= E ( z

ik

j x

i

; �

( p )

) =

�

( p )

k

f

k

( x

i

; �

( p )

k

)

K

P

k =1

�

( p )

k

f

k

( x

i

; �

( p )

k

)

in L

C

( � ). That is, z

ik

is replaced b y the estimate of the p osterior probabilit y

�

ik

that observ ation i b elongs to group G

k

.
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A t the M-Step �

( p +1)

is c hosen to b e a v alue of � whic h maximises Q ( � ; �

( p )

)

with resp ect to its �rst argumen t. F or the Multimix mo del the elemen ts of

�

( p +1)

are giv en b y

^�

k

=

1

n

n

X

i =1

^�

ik

^

�

k l m

=

1

n ^�

k

X

i;u

il

= m

^�

ik

^

�

k l

=

1

n ^�

k

n

X

i =1

^�

ik

v

il

^

�

k l

=

1

n ^�

k

n

X

i =1

^�

ik

( v

il

�

^

�

k l

)( v

il

�

^

�

k l

)

0

^
�

k l m

=

1

n ^�

k

X

i;u

il

= m

^�

ik

v

ij m

^

�

k l

=

1

n ^�

X

i;u

il

= m

^�

ik

( v

il

�
^

�

k l m

)( v

il

�
^

�

k l m

)

0

for k = 1 ; : : : ; K and l = 1 ; : : : ; L . Note that the lev el probabilities �

k l m

for the

categorical v ariables are calculated in the same w a y , irresp ectiv e of whether

or not the discrete v ariable u

l

b elongs to a lo cation mo del sub v ector.

The curren t v ersion of the program uses a con v ergence criterion to cease iter-

ating when the di�erence in log-lik eliho o ds at iteration t and iteration t � 10

is less than 0.0000001. The iteration ma y b e started either from an initial

classi�cation or from an initial set of parameter estimates. As the n um b er

of parameters is quite large it is usually more con v enien t to b egin with a

classi�cation.

4 Example: By ar prostate cancer data

W e consider the clustering of cases on the basis of pre-trial co v ariates alone for

the Prostate Cancer clinical trial data of By ar and Green [1980] repro duced

in Andrews and Herzb erg [1985, pp 261{274]. This data set w as obtained

from a randomized clinical trial comparing four treatmen ts for 506 patien ts

with prostatic cancer group ed on clinical criteria in to stages 3 and 4 of the

disease. As rep orted b y By ar and Green Stage 3 represen ts lo cal extension of

the disease without evidence of distan t metastasis, while Stage 4 represen ts

distan t metastasis as evidenced b y elev ated acid phosphatase, x-ra y evidence,

or b oth. W e will compare the clusters obtained b y Multimix with the clinical

stages, and also consider the trial outcomes for patien ts in di�eren t clusters.

The treatmen ts consisted of estrogen therap y at di�ering rates. Daily pills

con taining 0.0 (placeb o), 0.2, 1.0, and 5.0 mg of dieth ylstilb estrol w ere ad-

ministered in the four treatmen ts. As By ar and Green noted little di�erence

b et w een the e�ects of the �rst t w o treatmen ts and also b et w een the e�ects of

the last t w o treatmen ts, w e will call patien ts in either of the �rst t w o treat-

men ts `Un treated' and in either of the last t w o treatmen ts `T reated'.

There are t w elv e pre-trial co v ariates (T able 1) measured on eac h patien t, sev en

ma y b e tak en to b e con tin uous, four to b e discrete, and one v ariable (SG) is
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an index nearly all of whose v alues lie b et w een 7 and 15, and whic h could b e

considered either discrete or con tin uous. W e will treat SG as a con tin uous

v ariable. A preliminary insp ection of the data sho w ed that the size of the

primary tumour (SZ) and serum prostatic acid phosphatase (AP) w ere b oth

sk ew ed v ariables. These v ariables ha v e therefore b een transformed, SZ under

a square ro ot transformation, and AP using a logarithmic transformation,

to mak e their distributions more symmetric. Observ ations that had missing

v alues in an y of the t w elv e pretreatmen t co v ariates w ere omitted from further

analysis, lea ving 475 out of the original 506 observ ations a v ailable. In fact

sev eral of the analyses to b e describ ed w ere also carried out using a v ersion of

the program whic h allo ws for missing observ ations, treating them as missing

at random in the sense of Little and Rubin [1987] There w as little v ariation

from the results using only the complete observ ations.

W e will consider the �tting of 2-class mo dels ( K = 2). The simplest mo del

is the mo del [LInd] of complete lo cal indep endence in whic h the comp onen t

densities tak e the form

f

k

( x

i

; �

k

) =

12

Y

l =1

f

k l

(

^

x

il

; �

k l

) ;

where �

k l

is the parameter v ector for group k , sub v ector l ; and k = 1 ; 2.

Note that f

k l

(

^

x

il

; �

k l

) is N ( �

k l

; �

2

k l

) for eac h of the 8 con tin uous v ariables, and

D ( �

k l 1

; : : : ; �

k l m

l

) for eac h of the 4 categorical v ariables.

The �tting strategy used w as a form of forw ard selection of co v ariances, b e-

ginning with [LInd] and progressiv ely adding lo cal asso ciations to the mo del

b y taking coarser and coarser partitions of the set of 12 v ariables. The mo d-

i�cations to the curren t mo del w ere determined b y examining correlations,

scatterplots and t w o-w a y tables within eac h of the t w o clusters formed b y al-

lo cating eac h observ ation according to the curren t mo del. T able 2 summarises

the results of this �tting pro cess and a description of some of the steps follo ws.

When the data had b een group ed in to t w o classes follo wing the �tting of [LInd],

correlations b et w een SBP and DBP of ab out 0.62 w ere observ ed within b oth

of the classes, and these app eared to b e the strongest asso ciations. The fact

that one w ould exp ect suc h a correlation within an y naturally formed group of

patien ts made it comp elling to �t a mo del [BPr] in whic h SBP and DBP had a

biv ariate normal distribution within clusters. The partition of the v ariables for

this mo del placed these t w o v ariables together in a sub v ector, the remaining

sub v ectors b eing singletons. Th us [BPr] con tains 2 more parameters than

[LInd].

The next group of v ariables c hosen w as the triple f B M ; W tI ; H G g , giving a

lo cation mo del factor to the mixture densities as BM is dic hotomous while WtI

and HG are con tin uous. The resultan t mo del is denoted b y [3,2], referring to

the size of these v ariable groups. Six extra parameters are in tro duced in this
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c hange: there are four new mean parameters, as the �tted means of W tI and

H G are no w sp eci�c to eac h lev el of B M within eac h subp opulation, and t w o

new co v ariance parameters. Mo del [5] com bines these t w o v ariable groups at

a cost of in tro ducing 12 new parameters and Mo del [9] has one large v ariable

group com bining B M with all 8 con tin uous v ariables. T able 2 also includes the

log-lik eliho o ds obtained. In the case of [LInd], [BPr], [3,2] and [5] these log-

lik eliho o ds w ere obtained from sev eral initial con�gurations including random

groupings of the observ ations; ho w ev er [9] pro v ed to b e sensitiv e to the c hoice

of starting con�guration and the greatest log-lik eliho o d o v er 4 runs is sho wn

for this mo del. Con v ergence w as usually obtained after 60 to 70 iterations

although one run for mo del [9] reac hed 200 iterations without con v erging.

There w as little di�erence b et w een the group allo cations determined b y [LInd],

[BPr], [3,2] and [5], with the allo cation of only 4 patien ts out of 475 c hanging

b et w een these mo dels. Mo del [9] allo cations w ere sensitiv e to the initial classi-

�cation and did not agree so closely with eac h other nor with the classi�cations

of the more parsimonious mo dels. Comparing the [BPr] allo cation with the

clinical grouping in to Stages 3 and 4 of the disease w e �nd one cluster with

252 Stage 3 and 21 Stage 4 patien ts and the other cluster with 21 Stage 3 and

181 Stage 4 patien ts.

It is of in terest to examine the p ost-trial surviv al status of patien ts in the

four Stage/ cluster com binations, whic h ha v e b een arriv ed at using pre-trial

information only . This information is presen ted in T able 3 for the [BPr] mo del,

and it will b e noticed that while mo del cluster 1 and clinical Stage 3 are

asso ciated with a b etter c hance of surviv al, the patterns of outcomes for the 42

patien ts whose mo del and clinical classi�cations con
ict sho w that the mo del

classi�cations are b etter indications of prognosis than the clinical criteria used.

This is esp ecially noticeable among the treated patien ts.

Hun t [1996] analyses this data set in more detail, also �tting 3-class and 4-class

mo dels yielding classi�cations with distinctiv ely di�eren t outcome patterns

suggesting that the mo dels w ere detecting real features of the p opulation. She

also dev elops the metho ds of Little and Rubin [1987] for use with the mo del

of this pap er and applies this to the complete data set of 506 Prostate Cancer

patien ts.

5 Mo del comparison tests

5.1 Num b er of comp onen ts in the mixture

McLac hlan and Basford [1988] dev ote their section 1.10 to the question of

testing for the n um b er of comp onen ts in a mixture. The problem is di�cult

b ecause although a mo del with K

1

comp onen ts is nested within a mo del with

K

2

> K

1

comp onen ts the usual regularit y conditions are not met. These con-

ditions are required to conclude that if � is the lik eliho o d ratio, � 2 log � is
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asymptotically distributed as �

2

with degrees of freedom equal to the di�er-

ence in the n um b er of parameters in the t w o mo dels. In fact the asymptotic

distribution ma y dep end on the true v alues of the parameters of the comp o-

nen t distributions, so there will b e no general result. McLac hlan and Basford

discuss a n um b er of b o otstrap approac hes to the problem. F eng and McCul-

lo c h [1992, 1994, 1996] ha v e studied sev eral asp ects of this problem. In their

most recen t pap er they recommend a b o otstrap pro cedure. Bo otstrap pro ce-

dures w ould b e v ery costly to apply to the clustering of data sets with man y

observ ations on man y v ariables. W olfe [1971] in v estigated the distribution of

� 2 log � when comparing nested mixtures of m ultiv ariate normal distributions

and recommended treating the distribution as �

2

, but with double the nomi-

nal degrees of freedom. Ban�eld and Raftery [1993] dev elop ed an appro ximate

Ba y esian appr oximate weight of evidenc e criterion as a guide for c ho osing the

n um b er of comp onen ts in the mixture. W allace and Do w e [1998] use a `mini-

m um message length' criterion as a basis for their parameter estimation. This

metho d uni�es mo del selection and parameter estimation and leads to a c hoice

for the n um b er of comp onen ts.

A sp eci�c example pro vides an illustration of ho w it ma y not b e realistic to

exp ect to c ho ose a v alue for K on sample evidence alone. Consider the problem

of estimating gro wth and age structure in a sto c k of �sh from length-frequency

data. Supp ose that k = 1 : : : K indexes K subp opulations �

k

(age classes) of

�sh and that the �sh in �

k

all ha v e age t

k

y ears, where t

k

= t

1

+ k � 1. Let

�

k

b e the prop ortion of the p opulation in �

k

and �

k

and �

k

b e the mean and

standard deviation of �

k

. Sc hn ute and F ournier [1980] discuss the maxim um

lik eliho o d �tting of a mo del of this kind where the parameters �

k

and �

k

are mo delled parametrically as functions of t

k

. In the �sheries application

discussed b y Sc hn ute and F ournier the �

k

and �

k

tend to limiting v alues as k

increases and the �

k

v ary b ecause of ann ual recruitmen t v ariations but tend

to diminish geometrically b ecause of cum ulativ e mortalit y , b oth natural and

�shing. Th us as k increases the �

k

b ecome closer together but are represen ted

in the sample b y smaller and smaller prop ortions. This kind of situation seems

v ery natural but w ould app ear to resist an y form of statistical inference for the

v alue of K . In view of the complexities of this question it seems b est to regard

the n um b er of comp onen ts K as a c hoice to b e made b y the mo deller, in m uc h

the same w a y as a functional form for a distribution is selected arbitrarily . This

do es not mean that mo del comparison statistics of the � 2 log � kind cannot

b e used heuristically . There remains the p ossibilit y that a small n um b er of

observ ations from unmo delled comp onen ts will upset the �t of the mo del to the

bulk of the data. Jorgensen [1990] discussed a n um b er of diagnostic statistics

that ma y b e used to detect these p oin ts.
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5.2 Num b er of within-cluster asso ciations

In con trast to the determination of the n um b er of classes K , the standard

lik eliho o d ratio tests for t w o nested mo dels based on an appro ximate distribu-

tion for � 2 log � of �

2

with degrees of freedom equal to the di�erence in the

n um b er of parameters in the t w o mo dels are not lik ely to mislead. The most

troublesome regularit y condition requiring c hec king is that the third order

deriv ativ es of log f with resp ect to the parameters are b ounded (in a neigh-

b ourho o d of the true parameter v ector) b y functions of the data with �nite

exp ectation [Lehmann, 1983, p. 429] . This can b e sho wn to b e the case,

roughly , if the partial deriv ativ es of the comp onen t densities f

k

, with resp ect

to all parameters and up to third order, are not to o large in comparison with

the mixture densit y f . Ev en for the simple case of a mixture of t w o biv ariate

normals, a mo del with 11 parameters w e ha v e 6

3

+ 6

3

third order deriv ativ es

of comp onen t densities to c hec k, although man y of these coincide. Chec king

some of these b y hand suggests that all will b e w ell unless a true v ariance

parameter is zero or a correlation is � 1, that is, unless a comp onen t densit y

is degenerate. W e also need neither prop ortion to b e close to zero. A natural

conjecture in the case of a �nite mixture of m ultiv ariate normals is that the

regularit y conditions will b e satis�ed as long as the smallest eigen v alue of the

true v ariance/co v ariance matrix for eac h group is not close to zero. In practi-

cal terms, the suggestion is that when a `Reduced' mo del is b eing compared

with a `F ull' mo del (ha ving the same n um b er of comp onen ts, but with extra

asso ciation parameters) that w e ma y base a mo del comparison test on the

assumption that � 2 log � has an appro ximate distribution of �

2

with degrees

of freedom equal to the di�erence in the n um b er of parameters in the t w o

mo dels when the Reduced mo del is op erating, unless the �t obtained under

the Reduced mo del has an y degeneracies either in the n um b er of comp onen ts

or in the form of an y of the comp onen ts. Similar mo del selection problems

are considered b y Dempster [1972] and W erm uth [1976a,b], but in the case

of a single m ultiv ariate normal comp onen t, rather than a mixture of these.

W erm uth also considers loglinear con tingency table mo dels. These authors

parameterise the m ultiv ariate normal using the in v erse of the co v ariance ma-

trix, called the concen tration matrix, rather than the co v ariance matrix. They

test for the v anishing of a set of elemen ts of the concen tration matrix, whic h is

equiv alen t to the v anishing of the corresp onding set of partial correlations. As

w e restrict ourselv es to mo dels with blo c k-diagonal co v ariance structure, and

the in v erses ma y b e calculated blo c k b y blo c k, tests in v olving the splitting or

com bining of blo c ks ma y b e form ulated either in terms of the co v ariances or

the concen trations.
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6 Other programs for mixture mo del clustering

6.1 AutoClass

AutoClass [Cheeseman and Stutz, 1996] is a Ba y esian clustering program de-

v elop ed b y P eter Cheeseman and colleagues at NASA Ames Researc h Cen ter.

The mo dels �tted b y AutoClass are v ery similar to those �tted b y Multimix ,

although b oth programs w ere dev elop ed indep enden tly . Tw o ob vious di�er-

ences are

1. AutoClass has automated the pro cess of mo del selection as w ell as that

of parameter estimation but Multimix lea v es mo del-sp eci�cation to the

user;

2. AutoClass uses Maxim um P osterior estimation in place of Maxim um

Lik eliho o d estimation.

In fact the �rst is the more crucial di�erence, b ecause the EM algorithm at

the basis of b oth programs accommo dates b oth ML and MAP estimation.

AutoClass compares di�eren t mo dels b y calculating an appro ximation to the

marginal densit y of the observ ed data after the mo del parameters ha v e b een

in tegrated out. In usual EM language the appro ximation used is analogous to

taking observ ed data lik eliho o d to b e prop ortional to complete data lik eliho o d

with the constan t of prop ortionalit y to b e ev aluated at the maxim um lik eliho o d

estimates.

The mo dels curren tly a v ailable in AutoClass for attributes within a comp o-

nen t are as follo ws. Categorical attributes are mo delled b y general discrete

distributions (m ulti-category Bernoulli) as in Multimix . Con tin uous attributes

ma y b e tak en to ha v e uniform or normal distributions, p ossibly after transfor-

mation. P oisson distributions are a v ailable for coun t attributes. Cheeseman

and Stutz [1996] rep ort that v on Mises-Fisher distributions for circular and

spherical attributes are under dev elopmen t. A t presen t it app ears that Auto-

Class do es not o�er facilities for mo delling within cluster dep endencies, that

is, all mo dels assume within-cluster indep endence of attributes. Missing v al-

ues are treated as a sp ecial kind of v alue in some attribute mo dels, but there

has b een no implemen tation of the Little and Rubin [1987] metho dology for

data missing at random.

Cheeseman and Stutz claim that the AutoClass metho d of mo del comparison

in tro duces an `Occam factor' whic h p enalizes o v er�tting. Ho w ev er Edw ards

and Do w e [1998] describ e the Minim um Message Length (see b elo w) �tting of

a mo del that com bined a con tin uous laten t factor with a n um b er of classes to

a set of 5425 infrared sp ectra from astronomical p oin t sources. Edw ards and

Do w e found 12 classes where AutoClass had found 77 [Go eb el et al., 1989]. It

is not clear whether the di�erence in the n um b er of classes in the �t is due

to the explicit p enalt y on o v er�tting built in to the Minim um Message Length
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criterion or whether it is the in tro duction of the con tin uous factor whic h is

resp onsible.

6.2 Snob

Snob [W allace and Do w e, 1998] is a clustering program dev elop ed b y Chris

W allace and co-w ork ers at the Monash Univ ersit y Departmen t of Computer

Science, b eginning in the late sixties. [W allace and Boulton, 1968]. Snob has

a home page at http://www.cs.monash.edu. au/~ dld /Sno b.ht ml . Snob is a

mixture mo del similar in structure to AutoClass and o�ering lo cal indep en-

dence mo dels based on discrete, Normal, P oisson and v on Mises distributions.

In fact Snob is the older program. A no v el feature of Snob is that inference

is b y the principal of Minim um Message Length [W allace and F reeman, 1987].

This form of inference tak es discrete v ariables as fundamen tal and seeks to

minimise the negativ e logarithm of the probabilit y of the mo del and param-

eter v alues plus the negativ e logarithm of the probabilit y of the data giv en

the mo del and parameter v alues. A con tin uous analogue of this estimation

principle is similar to Maxim um P osterior estimation (MAP) but in tro duces

an additional factor of ( F ( � ))

�

1

2

to the prior, where F ( � ) is the determinan t

of the Fisher information matrix at the parameter v ector � .

In con trast to Multimix , where the user m ust sp ecify the n um b er of classes,

Snob selects the n um b er of classes automatically using the Minim um Message

Length criterion. Th us the MML criterion is used for all asp ects of mo del

selection and parameter estimation in the Snob approac h.

6.3 Mclust

Ban�eld and Raftery [1993] ha v e dev elop ed the classi�cation lik eliho o d ap-

proac h of Scott and Symons further to in tro duce a con trolled amoun t of 
ex-

ibilit y to criterion-based cluster analysis for con tin uous data. Although this

approac h su�ers from the disadv an tages men tioned in Section 1.2, it do es lead

similar optimization problems to those faced in traditional cluster analysis,

and hence the mo del �tting ma y b e done b y algorithms similar to those used

to solv e those problems. W allace and Do w e [1998] p oin t out that in the case

of a substan tially o v erlapping pair of normal distributions ha ving equal abun-

dance and common � this kind of estimation is lik ely to o v erestimate the

di�erence in means and underestimate � .

Bam�eld and Raftery c haracterize the disp ersion matrices of m ultiv ariate nor-

mal clusters b y their orientation , size , and shap e . They mainly consider mo dels

where the shap e is the same in eac h comp onen t of the mixture, but orien tation

and size are p ermitted to v ary . They also consider an approac h to robustifying

cluster analysis b y allo wing a v ery disp ersed `noise' comp onen t in addition to

the m ultiv ariate normal comp onen ts.
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A F ortran program called Mclust has b een written b y Chris F raley to �t

these mo dels and others. It is a v ailable from StatLib either as a F ortran

program or as an S-PLUS function. Although criterion-based, rather than

b eing based on a distance matrix, Mclust is written to pro ceed initially as an

agglomerativ e hierarc hical program. Ho w ev er once the n um b er of clusters has

b een determined b y the user Mclust can pro ceed b y reallo cating p oin ts to seek

a minim um of the criterion in a fashion similar to the k -means algorithm of

Hartigan [1975]. In recen t v ersions of S-PLUS Mclust no w forms the core of

the clustering functions pro vided.

7 The place of Multimix in mixture mo delling

The brief surv ey of other related programs helps to clarify the role of Multimix

as a mixture mo delling to ol. In con trast to Snob and AutoClass it automates

only parameter estimation, lea ving mo del selection to the con trol of the user.

It app ears to b e unique in o�ering a maxim um lik eliho o d approac h to a class

of mo dels extending mixtures of m ultiv ariate normals and laten t class mo dels.

(Although it is p ossible that AutoClass and Snob migh t b e coaxed in to pro duc-

ing similar output for at least some mo dels b y appropriate prior sp eci�cation

and the switc hing o� of their mo del searc h facilities).

A natural further dev elopmen t for Multimix w ould b e to in tro duce new t yp es of

attribute distribution suc h as the P oisson and circular v on Mises distributions.

T o the exten t that robust estimation is appropriate for a particular dataset

it seems that it w ould b e b etter to add a v ery small prop ortion of a highly

disp ersed comp onen t to the mixture than to follo w Ban�eld and Raftery [1993]

in mo difying the lik eliho o d criterion to gain robustness.

There are no presen t plans to automate mo del selection in Multimix , but it

m ust b e ac kno wledged that more needs to b e done in the w a y of graphical diag-

nostic output to assist the user with the re�nemen t of the mo dels. Ev en tually

some form of automation of mo del selection will b e necessary if Multimix is to

b e used on extremely large data sets, but w e w ould feel happier ab out adopt-

ing an y prop osal for mo del selection if w e could compare it with h uman-driv en

pro cedures o v er a range of datasets.

The a v ailabilit y of the four programs AutoClass, Mclust, Multimix and Snob

o�ering similar ranges of mo dels but using di�eren t inferen tial principles pro-

vides an opp ortunit y to learn more ab out the strengths and w eaknesses of

these principles in the practical data analysis con text of large m ultiv ariate

data sets. Curren tly Multimix is a v ailable as F ortran 77 source co de from

the URL ftp://ftp.math.waikato.ac. nz/ pub/ maj/ . Some do cumen tation,

data sets and auxiliary programs are a v ailable at the same lo cation.
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